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Abstract Models Assumptions:

 Population of size N (haploids) under the coalescent.
 Two chromosomes of length L.

A long genomic segment inherited by a pair of individuals from a single, recent , [11] A . R bination is a Poi | he ch 1 M
tor i d to be identical-by-descent (IBD) [1.2]. Shared IBD Recombination , Next5|te Time ecombination is a Poisson process along the chromosome (rate 1 per Morgan)
zce);nmrr:r)\:s E;:af/ees nourrr:(irzals applications in gen)(/etics from demog;a|:;hic inference ullmodel (ARG) * AsegmentsIBDT th)e two chromosomes share the same TMRCA {time to most
’ a recent common ancestor) over sequence of length >m.
[3,4] to phasing/imputation [5], pedigree reconstruction [6], and disease @ . Ignoring recent mutations, genotyping errors, etc.
mapping [7]. / x
We provide a theoretical analysis of IBD sharing under Markovian Markovian models The Renewal Approximation:

approximations of the coalescent with recombination (SMC [8] and SMC’ [9]).
We describe a general framework for the IBD process, as well as introduce the
renewal approximation, under which lengths of successive segments are
independent.

s . e Successive segment lengths are independent of each other.
\ Next site * The distribution of their lengths is given by the stationary distribution ¥ (£).
— /\ e Justified based on simulations.
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In the infinite-chromosome limit, we recover previous results (for SMC [3,4,10])
and derive new results (for SMC') for the mean number of shared segments SMC’ m
longer than a cutoff and the fraction of the chromosome found in such SMC ” E
segments. We then use renewal theory to derive expressions (in Laplace space)

for the distribution of those quantities. We obtain explicit expressions for the t,
first two moments and demonstrate implications for demographic inference.

Finally, we generalize all results to populations with a variable effective size and /t5\ /\
to sharing between three chromosomes. |
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 The total number of IBD segments: n,.
0
An illustration of the IBD process along the chromosome under SMC and SMC’. Recombination events are shown as vertical bars. The TMRCA is shown on top of each

* The num_ber of IBD segments longer tha_n m: Ny, segment. Given a TMRCA t; at segment i, the sequence length until the next recombination event, £;, is distributed exponentially with rate 2Nt;. Under SMC, recombination
* The fraction of the chromosome found in IBD segments longer events necessarily change the TMRCA, and by that terminate the IBD segment. Under SMC’, the TMRCA may remain the same after recombination, extending the IBD

than m: f _ segment at least until the next recombination event. The minimal segment length, m, is shown as a horizontal bar. IBD segments longer than m are shown in orange (the
ooom others are in yellow). In this example, for SMC, we have n,,, = 2 and f,;, = (1 + ¥5)/L. For SMC’, we haven,, =3 and f,,, = [{1 + ({3 + £,) + £-]/L.
* The distribution of IBD segment lengths: Y (£).

A)=QRt+1—e72Y/2

Deriving the segment length distribution SMC SMC’ Simulations
—2t

e Given the TMRCA at the previous IBD segment, s, the TMRCA at the new segment, t, is given - e ")/s t <s, [12] sy (tls) = {(1_(:5) )/)_l((fgs) N 5 SMC (simulations)
by q(t|s), which can be seen as the transition probability of a Markov chain. The stationary 9smc(tls) = (e_(t_s) — e‘t)/s t > s. (e —¢ )/A(S) L=>s. i ¢ i’;"g(ﬁ:;"u";zf;";}
distribution of the chain (i.e., the distribution of TMRCAs at IBD segments) is m(t). e (t) = te~t Tencr(t) = T e tA(t) o —gmg(meeﬂ}

* Under SMC’, the probability that a recombination event will change the TMRCA is pcpange = S
(2t + 1 — e~ 4t) /4t. Integrating over all t, exactly 1/3 of the recombination events do not Wene (£|t) = 2Nte2Ntt Yspor(]t) = NA(t)e NAOY é n
change the TMRCA. o AN 0 A 107y

* Given the TMRCA t, the IBD segment length, 1 (£|t), is exponential with rate 2Nt under SMC, gy (£) = f Tspc(OWspyc(@t)dt = TN Ysycr (£) = f Tspcr(OWYspe, (Elt)dt
or 2Ntpchange = NA(t) under SMC'. 0 1+ ) 0 , :

* The unconditional distribution of segment lengths, 1 (£), is obtained by integrating over all ()spec = 2N)1 [3] (O)smcr = Ca— = (4N/3)7* ° : 007 002 o003 o004
times. The mean segment length is (£). Segments in SMC’ are longer than in SMC. N fO et A(t) dt Segment length £
Infinite-chromosome means N Distributions

(ng) = b - 2NL [3 i : gmg[zm?;m?} Th ber of IBD | h
0! = Tp) J-Ooo ru(0)de (No)smc [3] (no)smcr = 4NL/3 - Reneual (heor e number o segments longer than m:

SMC’ (theory)

o0 (. ) B 2NL o e NmAD) ? * Denote P(n,, = k, L) the distribution of the number of shared segments, n,,,.
(M) = <no>f Y(£)de Mmismc = (1 + 2mN)? (Mmdsmer = NLfO A(t)e dt v 40 * Denote P(n,, = k,s) the Laplace transform (L — s) of P(n,, = k, L).
m
) ( B (s) =0
(o) J"" 1+ 4mN J‘” ‘ 5 1-1 < (S) -
— 200 (D) de — = 1+ NmA(t)]e tVNmAD gt - e We have: P =k,s) = . . _ _
<fm> L m l'b( ) <fm>SMC (1 + ZmN)Z <fm>SMC 0 [ ( )] Ol ut,"'"%f}-f.'l-r.--:{-x-i.:.-:-:4 € have (nm ’ S) < [1—1/)(5)][l/)>m(5)+5¢>m(5)] l/)>m(S) fe=1 k > 0
10 10 10 10 T 2 1_17} (S) )
N \ s[1=Pem(s)] <m
« Definitions: Y (s) = fooo e Sty (£)d? is the Laplace transform of ¥ (#);
7 — (M -st AT — ([ ,-s? : Y ' x
The fraction of the chromosome in segments longer than m: Demographic inference: Yem(s) .f.o e S Y(B)dl; PYom(s) = [ e Y(£)de; ¢(f) J, w(E)Hdt is
the probability of a segment length to be longer than £; ¢..,,(s) =
m _ T co
+ Denote L,, = Lf,, and P(L,,, L) the density of L. * For each simulation of 5000 chromosome pairs under SMC, we fo e ¢@)dL; pom(s) = [ e~ p(£)de.

computed the likelihood of the distribution of the number of IBD * For large N and L, Var[n,,]syc = L/2m*N .

* Denote by PLm(u, s) the double Laplace transform (L,,, = u,L — s) of P(L,,, L).
segments under different values of the population size N.

1 Y<m(s) e~ M+ o~MS| Fo 1 (s+w) . e : : :
s s +¢(m)[ stu s | stu * The maximum-likelihood estimator is unbiased and has SD=0.01N. 035,

* We have: PLm (u, S) — = = . P(fm) = LP (Lm, L). ' e Renewal (simulations)
1=Pem () —P>m(s+u) . . a SMC (simulations)
* Forlarge Nand L, Var|f,|lsyc = |[In(L/m) -1/2]/(NL). | RN — Simulations: 0.3r SMC’ (simulations)
1.04 N ::fN ; N=5000 — Renewal (theory)
0.3; T : : - = =Poi th
° Renewal (simulations) o . : » All simulations were under L=2 and 0.25¢ oisson (theory)
L o SMC (simulations) 8. 1.02} A _ - 6
0.25 SMC’ (simulatinns) 7_ @ Renewal (simulations) ' i ' ; ; . m_OO]' Morgansl Wlth 10 repeats per 0.2k N=1000
— Renewal (theory) o SMC (simulations) . 4 | data point. “E
0.2¢ = ==Poisson (thenry) 6 —gln\aﬂr'f:evizllngtﬂ:g?;s} a 1 ;-—- el bl adbatlo] VLY SITEFRLE JUCNRE PPE ) bty Y p E
~ N=5000 N=1000 | pason (heory) = : 0-15
<5 0151k T gt SR P . The Poisson approximation:
M ) : 0.98} : : ) y . . 0.1+
0.1 . * i - .
, 2 * Ref. [3] suggested that n,, is Poisson 0,05l
0.053(% N4 | 1} o q 0.96; with mean (n,;)spyec = 2NL/(1 + 2mN)?. '
EIE e E: 10 11;5 ._2tl 55 SiJ 0 1000 2000 3000 4000 solcruqu 66'60 75'56. ;c;'onn SEWLEDO 0 1000 2000 I‘E'GDD 4000 5000 * GOOd apprOXImatlon fOF N 2 1000 Bﬂ s ‘5- . 10 15 : 20 =5 i 30
The fraction of the chromosome in shared segments, f (%) Number of segments longer than m, n_
Extensions: variable population size and three chromosomes
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* Most results are generalizable to sharing between three chromosomes.
NL(3+4mN) 1+6mN(1+mN)

(1+mN)2(1+2mN)2’ {fmdsmc = (1+mN)2(1+2mnN)2’

<nO>SMCI = 19NL/9



