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Abstract

A long genomic segment inherited by a pair of individuals from a single, recent
common ancestor is said to be identical-by-descent (IBD) [1,2]. Shared IBD
segments have numerous applications in genetics, from demographic inference
[3,4] to phasing/imputation [5], pedigree reconstruction [6], and disease
mapping [7].

We provide a theoretical analysis of IBD sharing under Markovian
approximations of the coalescent with recombination (SMC [8] and SMC‘ [9]).
We describe a general framework for the IBD process, as well as introduce the
renewal approximation, under which lengths of successive segments are
independent.

In the infinite-chromosome limit, we recover previous results (for SMC [3,4,10])
and derive new results (for SMC') for the mean number of shared segments
longer than a cutoff and the fraction of the chromosome found in such
segments. We then use renewal theory to derive expressions (in Laplace space)
for the distribution of those quantities. We obtain explicit expressions for the
first two moments and demonstrate implications for demographic inference.

Finally, we generalize all results to populations with a variable effective size and
to sharing between three chromosomes.
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𝑞𝑆𝑀𝐶′ 𝑡 𝑠 =  
 1 − 𝑒−2𝑡 𝜆(𝑠) 𝑡 < 𝑠,

 𝑒−(𝑡−𝑠) − 𝑒−(𝑡+𝑠) 𝜆(𝑠) 𝑡 > 𝑠.

𝜋𝑆𝑀𝐶 𝑡 = 𝑡𝑒−𝑡

𝜓𝑆𝑀𝐶 ℓ 𝑡 = 2𝑁𝑡𝑒−2𝑁𝑡ℓ

𝜓𝑆𝑀𝐶 (ℓ) =  
0

∞

𝜋𝑆𝑀𝐶 𝑡 𝜓𝑆𝑀𝐶 ℓ 𝑡 𝑑𝑡 =
4𝑁

(1 + 2𝑁ℓ)3

𝑞𝑆𝑀𝐶 𝑡 𝑠 =  
 1 − 𝑒−𝑡 𝑠 𝑡 < 𝑠,

 𝑒−(𝑡−𝑠) − 𝑒−𝑡 𝑠 𝑡 > 𝑠.
[12]

𝜋𝑆𝑀𝐶′ 𝑡 =
3

4
𝑒−𝑡𝜆(𝑡)

𝜆 𝑡 = 2𝑡 + 1 − 𝑒−2𝑡 /2

𝜓𝑆𝑀𝐶′ ℓ 𝑡 = 𝑁𝜆(𝑡)𝑒−𝑁𝜆(𝑡)ℓ

Assumptions:
• Population of size N (haploids) under the coalescent.
• Two chromosomes of length L.
• Recombination is a Poisson process along the chromosome (rate 1 per Morgan)
• A segment is IBD if the two chromosomes share the same TMRCA (time to most 

recent common ancestor) over sequence of length >m.
• Ignoring recent mutations, genotyping errors, etc.

An illustration of the IBD process along the chromosome under SMC and SMC’. Recombination events are shown as vertical bars. The TMRCA is shown on top of each 
segment. Given a TMRCA 𝑡𝑖 at segment 𝑖, the sequence length until the next recombination event, ℓ𝑖, is distributed exponentially with rate 2𝑁𝑡𝑖 . Under SMC, recombination 
events necessarily change the TMRCA, and by that terminate the IBD segment. Under SMC’, the TMRCA may remain the same after recombination, extending the IBD 
segment at least until the next recombination event. The minimal segment length, 𝑚, is shown as a horizontal bar. IBD segments longer than 𝑚 are shown in orange (the 
others are in yellow). In this example, for SMC, we have 𝑛𝑚 = 2 and 𝑓𝑚 = (ℓ1 + ℓ5)/𝐿. For SMC’, we have 𝑛𝑚 = 3 and 𝑓𝑚 =  [ℓ1 + (ℓ3 + ℓ4) + ℓ7] 𝐿.

• The total number of IBD segments: 𝒏𝟎.

• The number of IBD segments longer than 𝑚: 𝒏𝒎.
• The fraction of the chromosome found in IBD segments longer 

than 𝑚: 𝒇𝒎.

• The distribution of IBD segment lengths: 𝝍(ℓ).

• Given the TMRCA at the previous IBD segment, 𝑠, the TMRCA at the new segment, 𝑡, is given 
by 𝑞(𝑡|𝑠), which can be seen as the transition probability of a Markov chain. The stationary 
distribution of the chain (i.e., the distribution of TMRCAs at IBD segments) is 𝜋(𝑡).

• Under SMC’, the probability that a recombination event will change the TMRCA is 𝑝𝑐ℎ𝑎𝑛𝑔𝑒 =
 2𝑡 + 1 − 𝑒−2𝑡 4𝑡. Integrating over all 𝑡, exactly 1/3 of the recombination events do not 

change the TMRCA.
• Given the TMRCA 𝑡, the IBD segment length, 𝜓(ℓ|𝑡), is exponential with rate 2𝑁𝑡 under SMC, 

or 2𝑁𝑡𝑝𝑐ℎ𝑎𝑛𝑔𝑒 ≡ 𝑁𝜆 𝑡 under SMC’.

• The unconditional distribution of segment lengths, 𝜓(ℓ), is obtained by integrating over all 
times. The mean segment length is ℓ . Segments in SMC’ are longer than in SMC.
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The Renewal Approximation:
• Successive segment lengths are independent of each other.
• The distribution of their lengths is given by the stationary distribution 𝜓 ℓ .
• Justified based on simulations.

Key quantities

Deriving the segment length distribution

Distributions

The number of IBD segments longer than m:

• Denote 𝑃 𝑛𝑚 = 𝑘, 𝐿 the distribution of the number of shared segments, 𝑛𝑚.
• Denote   𝑃 𝑛𝑚 = 𝑘, 𝑠 the Laplace transform (𝐿 → 𝑠) of 𝑃 𝑛𝑚 = 𝑘, 𝐿 .

• We have:  𝑃 𝑛𝑚 = 𝑘, 𝑠 =

 𝜙<𝑚(𝑠)

1− 𝜓<𝑚(𝑠)
𝑘 = 0,

1− 𝜓(𝑠)  𝜓>𝑚 𝑠 +𝑠 𝜙>𝑚(𝑠)

𝑠 1− 𝜓<𝑚(𝑠)
2

 𝜓>𝑚(𝑠)

1− 𝜓<𝑚(𝑠)

𝑘−1

𝑘 > 0.

• Definitions:  𝜓 𝑠 =  0
∞
𝑒−𝑠ℓ𝜓 ℓ 𝑑ℓ is the Laplace transform of 𝜓 ℓ ; 

 𝜓<𝑚 𝑠 =  0
𝑚
𝑒−𝑠ℓ𝜓 ℓ 𝑑ℓ;  𝜓>𝑚 𝑠 =  𝑚

∞
𝑒−𝑠ℓ𝜓 ℓ 𝑑ℓ; 𝜙 ℓ =  ℓ

∞
𝜓 ℓ′ 𝑑ℓ′ is 

the probability of a segment length to be longer than ℓ;  𝜙<𝑚 𝑠 =

 0
𝑚
𝑒−𝑠ℓ𝜙 ℓ 𝑑ℓ;  𝜙>𝑚 𝑠 =  𝑚

∞
𝑒−𝑠ℓ𝜙 ℓ 𝑑ℓ.

• For large N and L, Var 𝑛𝑚 𝑆𝑀𝐶 ≈  𝐿 2𝑚2𝑁 .

The fraction of the chromosome in segments longer than m:

• Denote 𝐿𝑚 = 𝐿𝑓𝑚 and 𝑃(𝐿𝑚, 𝐿) the density of 𝐿𝑚.

• Denote by  𝑃𝐿𝑚(𝑢, 𝑠) the double Laplace transform (𝐿𝑚 → 𝑢, L → 𝑠) of 𝑃(𝐿𝑚, 𝐿).

• We have:  𝑃𝐿𝑚 𝑢, 𝑠 =

1

𝑠
−
 𝜓<𝑚 𝑠

𝑠
+𝜙 𝑚

𝑒−𝑚 𝑠+𝑢

𝑠+𝑢
−
𝑒−𝑚𝑠

𝑠
−
 𝜓>𝑚(𝑠+𝑢)

𝑠+𝑢

1− 𝜓<𝑚 𝑠 − 𝜓>𝑚(𝑠+𝑢)
. 𝑃 𝑓𝑚 = 𝐿𝑃(𝐿𝑚, 𝐿).

• For large N and L, Var 𝑓𝑛 𝑆𝑀𝐶 ≈  ln 𝐿/𝑚 − 1/2 𝑁𝐿 .

Demographic inference:

• For each simulation of 5000 chromosome pairs under SMC, we 
computed the likelihood of the distribution of the number of IBD 
segments under different values of the population size N.

• The maximum-likelihood estimator is unbiased and has SD≈0.01N.

Simulations:

• All simulations were under L=2 and 
m=0.01 Morgans, with 106 repeats per 
data point.

The Poisson approximation:

• Ref. [3] suggested that 𝑛𝑚 is Poisson 
with mean 𝑛𝑚 𝑆𝑀𝐶 =  2𝑁𝐿 1 + 2𝑚𝑁 2 .

• Good approximation for 𝑁 ≳ 1000.

SMC SMC’ Simulations

Extensions: variable population size and three chromosomes
• Since all of our results depend on 𝜓 ℓ alone, they are easily generalizable to variable population size.
• Define 𝑁 𝑡 = 𝑁0𝜐 𝑡 = 𝑁0/ℎ(𝑡).

• We have: 𝜓𝑆𝑀𝐶 ℓ = 2𝑁0
 0
∞
𝑡2ℎ(𝑡)𝑒−  0

𝑡
ℎ 𝜏 𝑑𝜏−2𝑁0𝑡ℓ𝑑𝑡

 0
∞
𝑒−  0

𝑡
ℎ 𝜏 𝑑𝜏𝑑𝑡

and 𝑛0 𝑆𝑀𝐶 = 2𝑁0𝐿  0
∞
𝑒−  0

𝑡
ℎ 𝜏 𝑑𝜏𝑑𝑡.

• For SMC’, define 𝜆 𝑡 = 𝑡 + 𝑒−2  0
𝑡
ℎ 𝜏 𝑑𝜏  0

𝑡
𝑒2  0

𝑡′
ℎ 𝜏 𝑑𝜏𝑑𝑡′.

• We have: 𝜓𝑆𝑀𝐶′ ℓ = 𝑁0
 0
∞

𝜆(𝑡) 2ℎ(𝑡)𝑒−  0
𝑡
ℎ 𝜏 𝑑𝜏−𝑁0𝜆(𝑡)ℓ𝑑𝑡

4

3
 0
∞
𝑒−  0

𝑡
ℎ 𝜏 𝑑𝜏𝑑𝑡

and 𝑛0 𝑆𝑀𝐶′=2 𝑛0 𝑆𝑀𝐶/3.

• Most results are generalizable to sharing between three chromosomes.

• For example: 𝑛0 𝑆𝑀𝐶 = 3𝑁𝐿, 𝑛𝑚 𝑆𝑀𝐶 =
𝑁𝐿(3+4𝑚𝑁)

1+𝑚𝑁 2 1+2𝑚𝑁 2, 𝑓𝑚 𝑆𝑀𝐶 =
1+6𝑚𝑁(1+𝑚𝑁)

1+𝑚𝑁 2 1+2𝑚𝑁 2, 𝑛0 𝑆𝑀𝐶′ = 19𝑁𝐿/9.
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