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Section 1

Introduction

uation



Brownian functionals

e x(t)— the trajectory of a Brownian particle.
e The functional: A = f(f Ulx(7)]dr.

0 <0
x(t)
%?ev@wgt
o
I I =

Ly

@ A— The occupation time in the positive half space. :é}
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The Feynman-Kac equation

Denote G(z, A, t) the joint PDF of z and A at time t.
Gz, p,t) = [° e PAG (z, A, t)dA.
The Feynman-Kac equation (M. Kac, 1949):

2G(x,p,t) = DXEZD 10 ()G, p, t)

e D-— the diffusion coefficient.

p = 0 = The diffusion equation %G(m, t) = D%.
Structurally similar to Schrodinger equation in imaginary time
zh W (x,t) = 2\11(33 t) + V(z)¥(z,t).

2m ox
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Examples of functionals and applications

Ulx)==z

o The area under the random walk curve.

o The time-averaged position of the particle p

X(t) Ix(z-)dr

@ =} Jo z(r)dr). ]
e NMR (phase of each spin: ¢ = fyfg Blz(r)]dr,
B(z) = z is the magnetic field). | t

D.S. Grebenkov, Rev. Mod. Phys. 79, 1077 (2007).

Uz) =

0 otherwise

{1 in a certain domain

o The emitted light if fluorescent particles are excited only in the domain.
G. Zumofen et al., Phys. Rev. Lett. 93, 260601 (2004).

o The survival probability if the domain is absorbing.

o The distribution of the first passage time.

@ The distribution of the maximal displacement.
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A few more applications

o The integrated excess temperature up to time ¢.

@ S.N. Majumdar et al., Phys. Rev. E 65, 051112 (2002).

o The fluctuations in the height of a KPZ surface.

@ G. Foltin et al., Phys. Rev. E 50, R639 (1994).

o The partition function of a particle in a random potential (Sinai model).
@ Models of stock prices.

@ Reviewed in S.N. Majumdar, Curr. Sci. 89, 2076 (2005).

o
B )
4 )%
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Non-Brownian motion

« In many physical and biological systems diffusion is anomalous.

.<x2>~t0‘,0<a<1.
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Continuous-time random walk (CTRW)- A model for

anomalous diffusion

e An infinite 1D lattice with spacing a.

L(X) /\R(X)
— @ @ {\ &> @ ® ®— X
Y(t)
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Continuous-time random walk (CTRW)- A model for

anomalous diffusion

e An infinite 1D lattice with spacing a.
e Jumps to nearest neighbors.
o For a free particle, R(x) = L(z) = 1/2.
o For a bounded particle, R(z) and L(z) depend on the force at z.

L(X) /\R(X)
— @ @ {\ &> @ ® ®— X
Y(t)
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Continuous-time random walk (CTRW)- A model for

anomalous diffusion

e An infinite 1D lattice with spacing a.

e Jumps to nearest neighbors.
o For a free particle, R(x) = L(z) = 1/2.
o For a bounded particle, R(z) and L(z) depend on the force at z.

e Start at xg. Wait time 7 and jump. Wait and jump again, ...

L(x) R(x)
& %

Y(t)

—O O
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Continuous-time random walk (CTRW)- A model for

anomalous diffusion

An infinite 1D lattice with spacing a.

Jumps to nearest neighbors.
o For a free particle, R(x) = L(z) = 1/2.
o For a bounded particle, R(z) and L(z) depend on the force at z.

e Start at xg. Wait time 7 and jump. Wait and jump again, ...

Waiting times are distributed according to (1) ~ 1+,
L(Xh /\R(X)
O o5 O

Y(t)

—O O @ @— X

«— a —>
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Continuous-time random walk (CTRW)- A model for

anomalous diffusion

An infinite 1D lattice with spacing a.

Jumps to nearest neighbors.
o For a free particle, R(x) = L(z) = 1/2.
o For a bounded particle, R(z) and L(z) depend on the force at z.

e Start at xg. Wait time 7 and jump. Wait and jump again, ...

Waiting times are distributed according to (1) ~ 1+,
L(Xh /\R(X)
O o5 O

Y(t)

—O O @ @— X

«— a —>

o 0<a<1l=(r)=o00= (2%) ~t* = anomalous (sub-) diffusion.
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CTRW example

CTRW is characterized by long periods of stagnation, whose lengths
have no typical scale.

Sample trajectories

100 Normal diffusion, a =1 ) 20, Anomalous diffusion, a = 0.6
50 10
0

5 0 8
-10
-50 20
-100; -30,
2000 4000 ¢ 6000 8000 10000 2000 4000 ¢+ 6000 8000 10000
v




The fractional Fokker-Planck equation

@ The continuum limit of CTRW is described by the fractional
Fokker-Planck equation.

Denote G(z,t) the PDF of x at time t.

%G(;U, t) = Ka’DtliaﬁppG(I, f})

Lrp = 8‘9—;2 — %f;g? (Fokker-Planck operator).

F(z) = 0 = the fractional diffusion equation.

o K,— The generalized diffusion coefficient (units m?/sec®).
° Dtl_a is a fractional derivative.
e What is a fractional derivative??? %Z,;
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Fractional derivatives

o DIf(t) = ritay i Jo Emedr (0<a<1).
e In Laplace space:

Df f(s) = s*f(s).

o Example: D™ = %t"‘a.

@ Reduces to D{*'t" = t"~™ for integer m, as expected.

(n— m)‘
e Composition of fractional derivatives makes sense (e.g.,

1/2.~1/2
D}/*D}/? = 4,

e Riemann, Liouville, Cauchy.
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The problem

e Many functionals are interesting in systems exhibiting anomalous
diffusion.

o How can we find the PDF of these functionals?

In the following:
e Find an equation for the PDF of functionals of CTRW.
@ Solve the equation for interesting functionals.

e Study implications to ergodicity breaking.
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Section 2

The fractional Feynman-Kac equation
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[Mlustration of the derivation method

o A= fO dT—U(.’L‘o)To—i—U(m'l)Tl—I-U(xQ)TQ—i-....

A trajectory and its corresponding functional

‘ X=X#a, A=A +U[X T, ‘

X=Xg#0, A;=U(x,)Ty | X5=X,-0, A=A +UXIT,

X=X3, A=A;+U[x,]T
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Outline of the derivation

o W(r)=1— [ v(r')dr"
The probability not to jump until time 7.
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Outline of the derivation

o W(r)=1— [ v(r')dr"
The probability not to jump until time 7.
o x(z, A,t)dt- the probability to jump into (x, A) during [¢,t + dt].
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Outline of the derivation

T)=1— [ ¥(r')dr’

The probability not to jump until time 7.
o x(z, A, t)dt— the probability to jump into (x, A) during [¢,t + dt].
o G(x,At) = fo x|z, A —7U(z),t — 7]dT.
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Outline of the derivation

T)=1— [ ¥(r')dr’

The probability not to jump until time 7.
o x(z, A, t)dt— the probability to jump into (x, A) during [¢,t + dt].

o G(x,At) = fo x|z, A —7U(z),t — 7]dT.
o x(z,At) = fo 1:+a)x[:r+a,A—TU(&?—I—a),t—T]dT
+f0 (:L‘—a)x[:r—a,A—TU(w—a),t—T]dT

+0(z — xo)é(A)5(t).

s

@
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Outline of the derivation

T)=1— [ ¥(r')dr’

The probability not to jump until time 7.

o x(z, A, t)dt— the probability to jump into (z, A) during [t,t + dt].

o G(z,A,t) fo X[z, A— 71U (), t — T]dT.

o x(z,At) = fo 1:+a)x[:r+a,A—TU(&?—I—a),t—T]dT
+f0 (:L‘—a)x[:r—a,A—TU(w—a),t—T]dT
+0(z — xo)é(A)5(t).

o Laplace-Fourier transform A — p, t — s, x — k.

s

@
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Outline of the derivation

T)=1— [ ¥(r')dr’

The probability not to jump until time 7.

o x(z, A, t)dt— the probability to jump into (z, A) during [t,t + dt].

o G(z,A,t) fo X[z, A— 71U (), t — T]dT.

o x(z,At) = fo J:+a)x[:r+a,A—TU(J:—I—a),t—T]dT
+f0 (:L‘—a)x[:r—a,A—TU(w—a),t—T]dT

+6(z — x0)5(A)5(t).
Laplace-Fourier transform A — p, t — s, v — k.
x(k,p, s) = e~k [* ehr (g YO[s + pU (2)]x(x, p, s)da:

etka I e** R(x)i[s + pU(2)|x(z, p, s)dx
de zkwo'

s

@
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Outline of the derivation

o W(r)=1— [y u(r)dr
The probability not to jump until time 7.

o x(z, A, t)dt— the probability to jump into (z, A) during [t,t + dt].

o G(z,A,t) fo X[z, A— 71U (), t — T]dT.
o x(z,At) = fo J:+a)x[:r+a,A—TU(J:—I—a),t—T]dT
+f0 (:L‘—a)x[:r—a,A—TU(w—a),t—T]dT

+6(z — xo)d(A)5(t).
o Laplace-Fourier transform A — p, t — s, x — k.
o X(k,p,s) = e~k % e L(a))ls + pU(x)]x(x,p, s)dx
ke [ etk R(x)i[s + pU (2)]x (2, p, s)da

te zkwo'
@ Use detailed balance and assume thermal equilibrium to show:
F
Ra)~ 3 [1+ 59| =1- L(). 2B
Conria@

Shai Carmi (Bar-Ilan University) Fractional Feynman-Kac equation WCHAOS11 15 / 46



Outline of the derivation

L[s+pU(=igg)] |,
s+pU( i k)

X {1 — [cos(ka) - isin(ka)%} b [s+pU (—iZ)] }1 etko,

o G(k,p,s) =
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Outline of the derivation

¢ Gt - A,

« {1 _ [cos(kza)—i—zsm(ka) oF (i) )} b [s 4 pU (—i )}}1 o,
d

o Apply the continuum approxunatlon (s) ~1— Bys®,
cos(ka) ~ 1 — a®k?, and K, = a?/(2B,).
° SG(kapv )_ thzo =
L F(=i2 . 1-a
—K, [sz — zk(kng)} [s+pU (—iZ)] " G(k,p,s) —

pU ( Z@k) G(k,p,s).

s

@
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The fractional Feynman-Kac equation

e The fractional Feynman-Kac equation:

%G(x,p, t) = Ko LrpD; “G(x,p,t) — pU(2)G(z, p, 1)

_ 9 _ 9 F
£FP — 022 Ox kgT"

Here, D; “G(z,p, 1) = ﬁ (2 +pU(2)] JMG(QZ',p,T)dT.

(t—7)1-
Dy Gz, p,s) = [s + pU(2)]'*G(x,p, s).
Substantial fractional derivative operator (Friedrich/Metzler).
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The fractional Feynman-Kac equation

e The fractional Feynman-Kac equation:

%G(x,p, t) = Ko LrpD; “G(x,p,t) — pU(2)G(z, p, 1)

_ 0 _ 9 F@
EFP — 022 Ox kgT"

t o—(t—m)pU(x)

Here, Dtl_aG(xapa t) = ﬁ [% +pU(‘T)] 0 (t—7)l-«
DTGz, p, s) = [s + pU(2)]' =G (, p, 5).
Substantial fractional derivative operator (Friedrich/Metzler).

G(z,p,7)dT.

a =1 = The Feynman-Kac equation.

@ p =0 = The fractional Fokker-Planck equation.
' o 5
e For a free particle, Lpp = 5 5. wran
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Extensions

General U(x) (not necessarily positive)

e Fourier transform A — p.
° E)tG(I p,t) = Kaanpl “G(x,p,t) +ipU(z)G(x,p,t).

Lévy flights

e Displacements A, have PDF f(A,) ~ [Ay|~(HH) (0 < < 2).
° %G(m,p, t) = KQMV’;D,}_“G(QC,p, t) — pU(x)G(z, p, t).
o Vi — —|k|* is the Riesz spatial fractional derivative operator.

Time dependent force

e R(z) and L(z) depend on the force at the time of the jump.
o 5G(z,p,t) = KaLrpD; *G(z,p,t) — pU(2)G(z,p,t).

_ 8 9 Flp)
© LFP = 5.2 — 95 kpT

P

2 )%

S
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How to solve the equation

@ Solve the fractional Feynman-Kac equation in (p, s) space.
SG(:vav S) - 5(.%' - 1‘0) =
KoLrpls +pU(2)]'~*G(z,p, s) — pU(2)G(z, p, 5).

© Integrate the solution over all x to eliminate the
dependence on the final position of the particle.

@ Invert (p,s) — (A, t), to obtain G(A,t), the PDF of A at
time ¢.
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The backward equation

e We would like to avoid the x-dependence.

o Gy (A, ) fo 20)Gaot+alA — TU (20),t — T]dT
+ f() (l‘o)Gxo—a[A —7U(x0),t — 7]dT
+Wi(t )5[A — tU(xo)].

o G, (A,t)— the PDF of A when the process started at xg.

e The backward fractional Feynman-Kac equation:

2 Gro(pt) = Ko DO LY Gy (p,t) — pU (20) Gy (p t)

s

@
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Section 3

Functionals of free particles
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Functionals of free particles

Functional Result
The PDF of the occupation fraction in z > 0 G(\) = Sin(tr&m AH(I,A)ﬁ;;;%fQ;;iZcos(mm
The first passage time from 0 to b fty) = %lﬂ/g (%) T = (b2/Ka)1/a
. . __2 t ! t
The maximal displacement, I () e (o VR /2 [(1n1/m>2/“]
The probability of hitting L before 0 Qr(zo) = %0
The first two moments of the time in [—b, b] (T;) ~ mt'_"/z 3 (TP~ %t%“/z
. . X . . pre/2\] 71 —a/2
The survival probability when [—b, b] absorbing with rate R (S) ~ [l"(l — a/2) sinh (7)} (Rt)=/
The fluctuations of the time-averaged position {(AT)?) = r?—,ﬁ‘mt"
A scaling form for the distribution of U(z) = 2* functionals G(A,t) = ms’a,k (m)

Kac equation



The occupation time in the positive half-space

o Ty = [/ O[z(r)|dr, or U(x) = O().
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The occupation time in the positive half-space

°T+—fo

(7)]dr, or U(x) = O(x).

o The backward equation is:

$Gyy(pys)—1 = {

Kasl—aaa;axo(p, 5)
Ka(3+p)1 o 7 Gy (D, )

0x02

— pGay (D, s)

xo < 0,
xg > 0.
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(Bar-Ilan University)
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The occupation time in the positive half-space

o T, = fo (1)]dT, or U(z) = O(x).
o The backward equation is:
Kos' ™2 G (p, <0,
SG:DO(p7 S)_l - ) O (1)2 g(p ) 0
Ku(s+p) aaxo G (pys) — pGay(p,8) x> 0.

@ Solve in each half-space separately, and match G, and its
derivative. Substitute xg = 0.
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The occupation time in the positive half-space

Ty = [ ©z(r)]dr, or U(z) = O(x).
The backward equation is:
Ka 1—a 92 Gx ’ < 07
5G g, (p7 S)_l = ) O (1)2 g(p °) 0
Ko(s+p)  *55Ga(p,s) — pGauy(pys) o > 0.

002

@ Solve in each half-space separately, and match G, and its
derivative. Substitute xg = 0.

Sa/27l+(8+p)a/27l
Golp:8) = —am(sypr
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The occupation time in the positive half-space

o T, = fo (1)]dT, or U(z) = O(x).
o The backward equation is:
Kos' ™2 G (p, <0,
$Gig(prs)—1 =4 o2 awg(p ” v
Ku(s+p) 3207 G0 (p,s) — pGyo(pys) o > 0.
@ Solve in each half-space separately, and match G, and its
derivative. Substitute xg = 0.
o Go(p,s) = s/2 14 (s4p)a/2 L

sa/2+(8+p)a/2
o The PDF of A = T\ /t is the Lamperti PDF:
__ sin(ra/2) Ae/2-1 (1 \)e/2-1
G()\) o ™ A (1=N) 42202/ 2(1-X\)*/2 cos(ma/2) *
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The occupation time in the positive half-space

Lamperti’s PDF

a=1l,pu=2
0.3° S Z|
O a=1lpu=1
Py s oa=1lpu=05 . .
> —Lompert], a = 1 (srsine) e The particle is
L a =05, 2 4
BTOZ v a n..mj‘ 1.5 almost all the
< a=05,p . .
6] 8 N 8 time in one half!

o=1 = = =Lamperti, a — 0.5
j a=0.5

gty o ) NP
0 "$efssassauasassTT

0 T,/t 0.5 1

4

e For @ = 1, reduces to the famous Lévy’s arcsine law:

_ 1
G(A) = /A=)

@ Occupation time PDF is Lamperti’s even for Lévy flights. D%
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The first passage time

e The time ¢; when a particle starting at xo = 0 first hits z = b > 0 is called
the first passage time.
@ A trick due to Kac, 1951:

o Pr{ty >t} ="Pr {Orél;a%(tx(r) < b} = pll>n010 Gz (p,t)

OU(CL‘):{O x < b,

1 x>0
o Works because Gq,(p,t) = [;° e PAGq, (A, t)dA.

Ux) X

Shai Carmi (Bar-Ilan University) Fractional Feynman-Kac equation WCHAOS11 25 / 46



The first passage time

Kos'— ”“9 Gxo(p, s) xo < b,

o sGyy(p,s) — 1=
’ Ka(s er)1 “8 2 G (P, s) = pGa,(p,s) xo > b.
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The first passage time

o sGyy(p,s) — 1=

K 81 aa Gxo(p7 )
Ka(3+p)1 aa Gwo(p, s)

@ Solve, take the limit p — oo, and invert:

— pGay (D, 5)

xg < b,
xo > b.

Shai Carmi

(Bar-Ilan Univer:

Fractional Feynman-Kac equation
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The first passage time

K,si™ ”“9 Gxo(p, s) xo < b,
K, (s —i—p)1 0‘8 Gwo(p, s) — pGauo(p,s) o > b.

@ Solve, take the limit p — oo, and 1nvert:

. t 1 7—
° plggloGo(p, t)=Pr{t; >t} =1 _/0 EZG/Q (Tf) dr.

o 7p = (VP K,V
o lo/2(t) is the one-sided Lévy distribution of order a/2.

° l~a/2(s) =",

o sGyy(p,s) — 1=
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The first passage time

K,si™ ”“9 Gxo(p, s) xo < b,
K, (s —i—p)1 0‘8 Gwo(p, s) — pGauo(p,s) o > b.

Solve, take the limit p — oo, and 1nvert:

. b1 T
phﬁlgloG()(p, t) = Pr{tf > t} =1- /0 EZQ/Q (Tf) dr.

o 7p = (VP K,V
o lo/2(t) is the one-sided Lévy distribution of order a/2.

° l~a/2(s) =",

The first passage time PDF: f(t;) = la/g < )
—(14a/2

) ~ tf( +a/2) (

Gy (pys) — 1=

famous ¢, 32 for a = 1).

For long times, f(tf
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The maximal displacement

o Use exactly the same trick:

Pr {xm = Onggéctw(T) < b} = plgglo G (D) 1)-

_ 2 t t
° Plamt) = 7ks (:Cm,/m)l“/al“/ ’ [(azm/\/m“}

e Exactly twice the PDF of = (for z > 0).
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The time in [—0b, 0]

o T; = [ Ula(r)ldr. o

{1 —b <z <b,

o U =
() 0 Otherwise.

-b 0 b
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The time in [—0b, 0]

U
o T; = [ Ula(r)ldr. 2
1 —-b b
o Uls) = < :c'< ,
0 Otherwise.
o 0 b X

e Solve backward equation in (p, s) space for zg = 0.

p-‘rs{cosh {@%” b] + (s+p)*/2 sinh |:(S+p)a/2 b} }
[e3

o G (p S) — s /2 VKo
0 9 - = - _ '
5(8+p){cosh[(sf/%/2 b} + (stg)/gm sinh [(SJ&%M b} }
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The time in [—0b, 0]

U
o T, = [ Ula(r))dr. v
1 _
o Ulz) = b<:n'<b,
0 Otherwise.
o 0 b X

e Solve backward equation in (p, s) space for zg = 0.

p-‘rs{cosh {(Sf/p)im b] + (s+p)/? sinh |:(5+p)a/2 b} }

o GG (p 3) Ko /2 i
0\#s = - . a '
5(8+p){cosh[(sf/%/2 b} +(s:§)/2/2 sinh{(s%m b}}

° () (s) = ~Co(p. )|+ (T2)(9) = FColp.s)|
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The time in [—0b, 0]

U(x)
o T, = [l Ulx(r))dr.
1 —b<z<b,
° U(z) = ‘)
0 Otherwise.
- 0 b X
e Solve backward equation in (p, s) space for zg = 0.
p-‘rs{cosh {(5%/2 b] + (SJ;)/Z/Q sinh |:<5%/2 b} }
° GO(p7 S) = (s+p)a/2 (S+p)a/2 . (s+p)o‘/2 :
s(s+p){cosh[ i b:|+ o2 smh|: TR b}}
2
° () (s) = ~4Co(p. )|+ (T2)(s) = $xColp.s)| _
N pl—a)2 b
o (Ti) ~ 7o/ VEaT'(2—a/2)"
2\ . 42—a/2__2b(1—c) 2—q b*(3a—1) o
o (T7)~t TRt T KalGa)- O
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The average survival probability when the domain

[—b, b] is absorbing

e The survival probability is S = e F7i Absorption rate
fo _RTleO (T, t)dT; = R
Gxo (R, ). | X
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The average survival probability when the domain

[—b, b] is absorbing

e The survival probability is S = e F7i Absorption rate
fo _RTleO (T, t)dT; = R
Gxo (R, ). | X

o We know G, (R, s) from the previous slide.
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The average survival probability when the domain

[—b, b] is absorbing

e The survival probability is S = e~ FT:. Absorption rate
o (S) = [° e FhG, (T}, t)dT; = R
Gy (R, T). I X

o We know G, (R, s) from the previous slide.
e We can invert for long times:

(S) ~ |T(1 = a/2) sinh (bR“”)} (Rt 1 O[(R)).

VEKa
o100,
i
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The functionals U(z) =

° SG(Q?,p, ) 6( ) 0‘31‘2 (3+p$ ) - G(l‘ p,s )—p.%'kG(.’IJ b,s )
e Operate on each term with (—1)"-2 p» substitute p = 0, multiply
each term by z™, and integrate over all z.
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The functionals U(z) =

° SG(Q?,p, ) 6( ) 0‘31‘2 (3+p$ ) - G(l‘ p,s )—p.%'kG(.’IJ b,s )
e Operate on each term with (—1)"-2 p» substitute p = 0, multiply
each term by z™, and integrate over all z.
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The functionals U(z) =

o 5G(z,p,s) — 0(x) = Ko 2oy (s+p:r ) ““G(x,p,s)

e Operate on each term with (—1

° <Agkmm> (s) =
m+nk
Cn,m(k)Ka +2 8—<1+n+ m-;nk Oc) '

@ Substitute m = 0 and invert s — ¢:
o (Al)(t) =

nk
2 ak
Cnyﬂ(k)wtn(lﬁ‘ 2 )

— pzFG(z,p, s).

)2 I substitute p = 0, multiply
each term by 2™, and integrate over all z.
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The functionals U(z) =

° SG(Q?,p, S) 6( ) 0‘31‘2 (3+p$ ) - G(l‘ p,s )—p.%'kG(.’IJ b,s )
e Operate on each term with (—1)"-2 p» substitute p = 0, multiply
each term by z™, and integrate over all z.

° <Agkmm> (s)

cnym(k)Kc%s_OJr”Jr%mo‘). 10°
e Substitute m = 0 and invert s — ¢:
o (A1) (0=

K2 n ak
Cnyﬂ(k)mt (1+ 2 )

k=1 [U(x)=X]

ot=1

o Leads to the scaling form:
G(Agr,t) =

N _ gk
K§/2t1+ak/29”{=k KF/2p1ak/2 )¢ TR
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Section 4

Functionals of bounded particles: weak

breaking
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Ensemble and time averages

What is the average of U(x) at time ¢ in a closed system?

Ensemble average
(U(x)), = ffooo G(z,t)U(z)dx. U(z), = %fg Ulz(7)|dr.

e In ergodic systems, for ¢ — oo, (U(z)) = U(z) = [7° Geq(2)U(z)dx.
e When ergodicity is broken, U(z) is a random variable even for
t — oo.

o Two examples...
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Weak ergodicity breaking of the occupation time

Consider the occupation fraction A = 1 fot O©lz(7)]dr for a particle in a box.

Anomalous diffusion

Normal diffusion
a=0.4
—x(t !
-A(0)
¥ § 052
0 5000 1odbo odbo
e Ergodic. @ Non-ergodic.
e Fort — 0o, A > 1/2. e Even for t — o0, Ais a
o ((AN?) =0. random variable or
: (BN2) > 0.
o
R

WCHAOS11 33 / 46
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The occupation time in half box

e The fluctuations of A = T /t: [Nlustration
2 1— al? —«
<(A/\> > ~ gt 2/11(:1‘(3+(1)t : X

o Fort — oo and o = 1, <(A)\)2> =0 1

and G(\) = §(\ — 1/2). ,ﬂ\fmt

@ Fort > ooand aa < 1,
((AN)?) =152 > 0.
= weak ergodicity breaking!

-2

e The PDF for long times is again Lamperti:

_ sin(7a) ao—1 (1—)\)“*]
Ga()\) T A2 (1-X)2 4222 (1-N)« cos(mrav) *

e Here the exponent is «, compared to «/2 for the free particle.
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The occupation time in half box

Lamperti PDF

~~
~<
~—

(G]

0.3} ca=1
oa=0.75
o=1 A& a=0.5
0.2t \ = a=0.25
A A
oil #=0.75 |
' =0.5 £ =025
0 & hm'U O a e
0 0.2 0.4 A\ 06 0.8 1

v

e For o = 1, the particle uniformly covers the box in each trajectory.

e For small o, the particle remains in one side almost the entire time.

o,
T

T

i
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Weak ergodicity breaking of the time-averaged position

Consider the time-averaged position = % fg z(7)dr in a harmonic
field.

Anomalous diffusion

a=0.4

Normal diffusion

=(t) «(t)

0]

Ll it ‘”ww‘”r‘l‘“"\\

5000 B 5000 10000
t t
e Ergodic. e Non-ergodic.
e For t — 00, T — (z) = 0. e Even for t — 0o, T is a
o <( Af)2> —0. random variable or
’ ((AT)?) > 0. 5

i
Y la
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The fluctuations of the time-averaged position in a

harmonic potential

o ((Az)?) =

<12> {(1—a)+4aE,3 [ (/7)Y —2(14+ o) Eq3 [—2(t/7)]}.
o Eos(z) =377, m is the Mittag-Lefller function.
° <x2> = Ko7 = kgT/(mw?).

Simulations and theory

o For long times ((AZ)?) ~

(1= a) (o) + Sbs o)
° Fort—>ooanda—1, < (AT) >:
and G(z) = 6().
o Fort — oo and a < 1,
((AT)?) = (1 — ) (2?) > 0.
= weak ergodicity breaking!
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Section 5

Summary
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Summary

o We developed a fractional Feynman-Kac equation for functionals
of anomalous diffusion in the CTRW model.
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Summary

o We developed a fractional Feynman-Kac equation for functionals
of anomalous diffusion in the CTRW model.

e Using our equation, we could calculate several properties of
anomalous diffusion such as the occupation time, the first passage
time, the maximal displacement, and others.
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Summary

o We developed a fractional Feynman-Kac equation for functionals
of anomalous diffusion in the CTRW model.

e Using our equation, we could calculate several properties of
anomalous diffusion such as the occupation time, the first passage
time, the maximal displacement, and others.

e Our equation uncovers the kinetics of weak ergodicity breaking.
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Fractional Schrodinger equation

@ We have seen that the Schrédinger equation in imaginary time is
structurally similar to the Feynman-Kac equation.

@ Is there a fractional Schrédinger equation?
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Fractional Schrodinger equation

@ We have seen that the Schrédinger equation in imaginary time is
structurally similar to the Feynman-Kac equation.

@ Is there a fractional Schrédinger equation?
o D W(x,t) = SEVAW(x,t) + V(2)¥(z,1).

@ N. Laskin, Phys. Rev. E 62, 3135 (2000).

@ Analogous to Markovian CTRW with heavy tailed jumps.
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Fractional Schrodinger equation

@ We have seen that the Schrédinger equation in imaginary time is
structurally similar to the Feynman-Kac equation.

Is there a fractional Schrodinger equation?

ih2W(z,t) = D [2m DU, ) + V(@) U(x, 1) |
@ M. Naber, J. Math. Phys. 45, 3339 (2004).

e Here DRLt is the Riemann-Liouville operator (s'~%).
Non-normalizable solution.
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Fractional Schrodinger equation

@ We have seen that the Schrédinger equation in imaginary time is
structurally similar to the Feynman-Kac equation.

@ Is there a fractional Schrédinger equation?

@ Unclear if fractional Schrédinger equations have physical meaning.
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Drift

o The particle experiences a constant force F.

Functional Result

The first moment of the occupation time in z > 0 (Ty) =t {1 - m(t/‘r)_”‘ +0 [(t/T)_QD‘]}
The second moment of the occupation time in & > 0 | (T?) = ¢ {1 - m@/‘r)_a + 0 [(t/7)%] }

The first moment of the time-averaged position (T) = %ta

<72> Ko ja 4 2% (240) 120

The second moment of the time-averaged position %) = T3t TG+20)
o _ 4kpT)?.  _ KoF
O TV = KT T kT

(Bar-Ilan Uni i ional Feynman-Kac equation



The long times PDF G, (U)

e Consider a functional A = fg Ulz(7)]dr, and U = A/t.
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The long times PDF G, (U)

e Consider a functional A = fg Ulz(7)]dr, and U = A/t.
e For long times, we can show that
Ko | &5 = &4 | ls + U @) -G, p.s) = 0.
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The long times PDF G, (U)

e Consider a functional A = fg Ulz(7)]dr, and U = A/t.
e For long times, we can show that

Ko | & = 552 | Is + pU @) 2G(w,p,5) = 0.

o Integrate the forward equation over all z to obtain:
[T+ pU(2)] Gla.p.s)dw = 1.
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The long times PDF G, (U)

e Consider a functional A = fg Ulz(7)]dr, and U = A/t.
e For long times, we can show that
Ko | &5 = &4 | ls + U @) -G, p.s) = 0.
o Integrate the forward equation over all z to obtain:
ffooo [s + pU(2)] G(x,p, s)dx = 1.

[s+pU ()]~ 1e~V(@)/(kpT)
T [s+pU(2)]eeV@/F5T gy

e This gives: G(x,p,s) =
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The long times PDF G, (U)

e Consider a functional A = fg Ulz(7)]dr, and U = A/t.
e For long times, we can show that
Ko |& - £ 5;?} (s + pU (2)]'~*G(2, p, 5) = 0.
o Integrate the forward equation over all z to obtain:
ffooo [s + pU(2)] G(x,p, s)dx = 1.

[s_i_pU(x)]afle—V(z)/(kBT)
J2 [s+pU (@))ee V@B da

. 77\ _ sin(ra) 15, (O)1Z (U)+I5_(U)I5 (U)
o Tovert: Geo(U) = 5 (0P +1Iz P 2eon(ra) 2 DV )"

e This gives: G(x,p,s) =

° where
f( T<U( @)/ (k5 T) [ (z) — U] * da,

[>( fU>L e 7v< ) EsT) [T — U ()] de.
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The dynamics of the occupation time in a b

e For long times, the PDF is Lamperti with index a.

al? —« 11—«
o <(A)\)2> — mt + 7 -

e For short times, the PDF is Lamperti with index «/2
(free particle).

o ((AN)?) — =02,

Simulations and theory

AAAA
AAAAAAAN
DANK

o=0.4
S
N 1| T

Carmi
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The first passage time in a box

o The time t; when a particle starting at o = —b (0 < b < L/2)
first hits x = 0 is the first passage time in a box.

e Use Kac’s trick again:

o Pr{ty >t} =Pr {Orggi(tx(ﬂ < O} = plgglo Gz (p,t)
e Here, U(x) = O(x).
@ The solution of the backward equation gives

cosh {(%—b) %}

li G_p(p,s) =11 - —L—"~2d
Mp—00 b(p 5) s cosh(é%)

o The first passage time PDF is f(t;) = %t;(lﬂw

o Here, f(ty) ~ t;(Ha) compared to f(ty) ~ t;(1+a/2) for a free
particle.

e For a <1, (ty) = oc. 5@
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The PDF of the time-averaged position

We know the PDF for long times (long expression).

For short times the PDF is equivalent to that of free particles.

For 0 < a < 1/3 the PDF becomes wider in time.

For 1/3 < o < 1 the PDF is first narrow (initial condition), then wide,
then narrow again (but with finite width for o < 1).

Simulations and theory

a=0.8 a=0.5
03T = 0.01 03 Tt —oo1 03
= t —
0.25 —t 100 0.25 100 0.25
t — 1000 1000
0.2} =t—ee 0.2 =S 0.2
Eo 15 =
Soi1s ‘ o5
0.1 0.1
0.05- 0.05
-2 -2 2R,
3
syt
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